Abstract. We consider the operator −∆ + b · ∇ with b : ,p (2 ≤ p < q) and the C 0,γ regularity of solutions to the
corresponding elliptic equation in L p on the value of the form-bound of b.
Let d ≥ 3. Consider the formal differential expression
with b in the class of form-bounded vector fields F δ , δ > 0, i.e. |b| ∈ L 2 loc ≡ L 2 loc (R d , L d ) and there exists a constant λ = λ δ > 0 such that
(see examples below). It has been established in [KS] that if δ < 1, then for every p ∈ [2, 2/ √ δ[ (1) has an operator realization Λ p (b) on L p as the generator of a positivity preserving, L ∞ contraction, quasi contraction C 0 semigroup e −tΛp (b) 
The next theorem improves on the regularity of u under the same constraints on δ:
(i ) The resolvent admits the representation
Thus,
(W α,p is the Bessel potential space).
In particular, by the Sobolev Embedding
(with arbitrarily small form-bound δ) as well as vector fields having critical-order singularities, e.g. in the weak L d class or the Campanato-Morrey class etc. See e.g. [KiS, sect. 4] .
3. We say that b :
δ , the class of weakly form-bounded vector fields, and
In [Ki, Theorem 1.3] , [KiS, Theorem 4 .3], we have constructed an operator realization
as the generator of a positivity preserving,
δ , see [KiS, sect. 4 ], these two classes should be viewed as essentially incomparable, for the corresponding regularity results hold under different assumptions on the value of δ.)
The proof of Theorem 1 follows the Hille-Trotter approach of [Ki] , [KiS] . However, the proof of the crucial estimates in Proposition 1 below is based on [KS] .
4. For |b| ∈ L d,∞ , one can extract additional information about the regularity of D(Λ p (b)) arguing as in remark 4 in [KiS, sect. 4.4] .
5. Let C ∞ := {f ∈ C(R d ) : lim x→∞ f (x) = 0} (with the sup-norm). Theorem 1 allows to construct the generator Λ C∞ (b) of an associated with
δ ). Thus, we restore the result of [KS, Theorem 2] . This proof doesn't require the Moser-type iteration procedure L p → L ∞ of [KS] .
6. The proof of Theorem 1 extends directly to the operator studied in [KiS2] :
for all p ≥ 2, c, η and δ satisfying the assumptions of [KiS2, Theorem 2] . (More generally, with
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Proof of Theorem 1
The following proposition is a new element in the Hille-Trotter approach of [Ki] , [KiS] .
where c δ,p :=
The extension of Q p (q) by continuity we denote again by Q p (q).
Proof. In what follows, we use notation
It suffices to consider the case p > 2.
It remains to prove the principal inequality
and conclude that T p p→p ≤ c δ,p .
First, we prove an a priori variant of ( * ), i.e. for u := (µ − ∆) −1 |b| 1− 2 p f with b = b n . Since our assumptions on δ involve only strict inequalities, we may assume, upon selecting appropriate ε n ↓ 0, that b n ∈ F δ with the same λ = λ δ for all n. 
where |b| 1− 2 p f, −∇ · (w|w| p−2 ) = |b|
